We present predictions for soft-drop event shapes of hadronic final states in electron-positron annihilation at next-to-next-to-leading order accuracy in perturbation theory obtained using the CoLoRFulNNLO subtraction method. We study the impact of the soft drop on the convergence of the perturbative expansion for the distributions of three event shape variables, the soft-drop thrust, the hemisphere jet and narrow jet invariant masses. We find that grooming generally improves perturbative convergence for these event shapes. This better perturbative stability, in conjunction with a reduced sensitivity to non-perturbative hadronization corrections makes soft-drop event shapes promising observables for the precise determination of the strong coupling at lepton colliders.
The precise determination of the strong coupling α S is important for improving our understanding of the fundamental interactions. For instance, the value of α S has the largest effect on the running of the effective potential of the Higgs field among the gauge couplings of the standard model [1] . In principle, electron-positron colliders provide the cleanest laboratories to carry out such a measurement because all strongly interacting particles emerge only in the final state. At the LEP collider numerous observables were studied extensively to determine the value of α S at various center-of-mass energies. A large class of such observables are distributions of event shape variables such as thrust, T [2, 3] .
Thrust is among the best studied event shapes and provides a good example for understanding the theoretical issues that need to be overcome for a precise determination of the strong coupling. The first of these relates to the precise perturbative description of the observable. The thrust distribution is known to NNLO precision in fixed-order perturbation theory [4] [5] [6] [7] , while the resummation of large logarithms for small τ = 1−T has been carried out to N 3 LL accuracy using SCET in Ref. [8] where matched predictions at NNLO+N 3 LL accuracy were also presented. Yet the perturbative corrections are not particularly small even at NNLO and one observes a significant difference between the predictions and measured data, especially in the peak region around τ 2.5 · 10 −2 where the statistics of data are the best.
A second issue concerns the estimation of hadronization corrections that mostly account for the difference between the perturbative predictions and data. These corrections must either be extracted from data by comparison to Monte Carlo predictions or computed using analytic models and the lack of reliable predictions for hadronization from first principles hampers the precise determination of the strong coupling in this potentially clean environment. One possible way to improve on this situation is to look for observables for which the hadronization corrections are much reduced as compared to traditional ones.
Generic classes of observables with reduced non-perturbative corrections can be obtained by various methods of grooming [9] [10] [11] [12] [13] [14] , which were originally developed for hadron colliders. However, understanding the structure of theoretical predictions for groomed jets is usually more complicated than for un-groomed ones. Nevertheless, for a particular type of grooming called soft drop [14] , significant progress to perform all-order calculations has been made [15] [16] [17] [18] [19] , although the resummation program at high perturbative orders still poses computational challenges. A recent development related to soft-drop jet observables is the definition of soft-drop thrust and related quantities in electron-positron annihilation [20] , whose hadronization corrections are indeed significantly reduced by the soft drop.
In this letter we present fixed-order predictions at NNLO accuracy for three soft-drop groomed jet observables, the thrust, the hemisphere jet mass and the narrow jet mass measured in electron-positron annihilation. We find that soft-drop grooming, in addition to reducing hadronization corrections, also leads to a better perturbative convergence of these quantities, making them promising observables for the precise determination of α S .
The soft drop grooming technique was introduced in Ref. [14] and defined for jets produced in lepton collisions in Ref. [15] . For the particular prescription that we employ here we refer to Ref. [20] where the definitions of the event shapes that we discuss -(i) soft-drop thrust (version T SD that is free of the transition point in the soft-collinear region), (ii) hemisphere jet mass (e (2) 2 ) and (iii) narrow jet mass (ρ) -are spelled out precisely. The soft-drop algorithm depends on two parameters z c and β. The effect of these parameters on hadronization corrections was studied in Ref. [20] where it was found that with increasing z c and decreasing β (i.e., stronger grooming) the hadronization corrections to the softdrop thrust are much reduced over a wide range of the event shape. But such changes in the grooming parameters also reduce the cross section. Thus, in addition to the small hadronization corrections, a further criterion for determining the optimal value of z c and β is to avoid the loss of too much data.
The precision of α S determination is also influenced by the convergence of the perturbative series for the observable. Hence, it is important to examine how grooming affects the perturbative stability of the predictions. In order to assess this, we choose four pairs of (z c , β) values, {(0.05, 1), (0.05, 0), (0.1, 1), (0.1, 0)}, and compute the NLO and NNLO K-factors defined by ratios of distributions of the observable O as
The normalization above is chosen such that the leading-order cross sections in the denominators are always computed at the default renormalization scale µ = Q, independently of µ. The closer the K-factors are to unity, the better the convergence of the perturbative series. *
The perturbative expansion of the differential distribution of an event shape O at some arbitrary renormalization scale µ can be written to NNLO accuracy as
where σ 0 is the leading-order perturbative prediction for the process e + e − → qq. The dependence of the expansion coefficients on the value of the observable O is understood, but suppressed. In practice it suffices to compute the functions A O (µ), B O (µ) and C O (µ) at one particular value of the renormalization scale, since scale dependence is easily restored using the renormalization group equation for the strong coupling. Choosing the center-of-mass energy Q as the default renormalization scale and denoting the perturbative coefficients at this scale as A O , B O and C O , we find with ξ ≡ µ/Q. The first two coefficients of the QCD β function are [21] β 0 = 11C A − 4T R n f 3 and
We note that the expansion coefficients at the default renormalization scale, A O , B O and C O , are independent of the collision energy and the distribution of the observable at µ = Q depends on Q only through the strong coupling α S (Q).
The perturbative coefficients were computed using the CoLoRFulNNLO method that was also used to calculate a variety of three-jet event shapes in electron-positron annihilation at NNLO accuracy [6, 7, 22] . Details of the formalism can be found in Refs. [7, 23, 24] .
We begin the presentation of our results by considering the soft-drop thrust. Predictions for the distribution of τ SD = 1 − T SD for the center-of-mass energy of Q = 91.2 GeV and grooming parameters z c = 0.1 and β = 0 are shown on the left panel of Figure 1 at LO (dot-dashed green), NLO (dashed blue) and NNLO (solid red) accuracy. The value of the strong coupling was chosen as α S (M Z ) = 0.118. The bands correspond to varying the renormalization scale in the range µ ∈ [Q/2, 2Q]. We also present the perturbative coefficients A τ SD , B τ SD and C τ SD computed at µ = Q in Table 1 for (z c , β) = (0.1, 0), tabulated on a linear scale in τ SD . We observe the very good numerical stability of our NNLO computation over the full range of the observable considered. We have checked that this stability does not depend on the values of z c and β.
Next, we investigate how the convergence of the perturbative prediction depends on is also shown for visual reference. † In general we find that milder grooming leads to larger change from order to order in perturbation theory. Thus, grooming improves perturbative convergence as one might expect. In the ranges considered, the dependence of the K-factors on β is seen to be milder than their dependence on z c . We observe that for τ SD 10 −2 , i.e., in the range where the bulk of the data lies, the most stable perturbative prediction is obtained for z c = 0.1 and β = 0.
Turning to the soft-drop hemisphere jet mass, in Figure 2 we present our perturbative predictions for the distribution of e (2) 2 at LO, NLO and NNLO accuracy for z c = 0.1 and β = 0 on the left panel. The K-factors corresponding to the same set of (z c , β) values as for the soft-drop thrust are shown on the right panel. We also record in Table 3 the values of the perturbative coefficients A e 2 . We again observe the very good numerical stability of our NNLO predictions.
In general, we find that also for the soft-drop hemisphere jet mass, stronger grooming leads to an improved convergence of the perturbative predictions. In fact, the perturbative expansions of the distributions for soft-drop thrust and hemisphere jet mass behave very † Note however that the LO distribution itself depends significantly on the grooming parameters. similarly with somewhat larger K-factors for the latter. We again find that choosing z c = 0.1 and β = 0 leads to the perturbatively most stable predictions.
Last, we investigate the soft-drop narrow jet mass. The fixed-order predictions for the distribution of ρ at LO, NLO and NNLO are shown on the left panel of Figure 3 , for jet radius R = 1 (jets were defined using the anti-k t algorithm [25, 26] ) and grooming parameters z c = 0.1 and β = 0. In Ref. [20] it was shown that the natural hard scale for this observable is µ = QR 2
, hence in Figure 3 we have set the central scale to µ = Q/2. Nevertheless, in Table 2 we present the expansion coefficients A ρ , B ρ and C ρ computed at the default renormalization scale of µ = Q for R = 1 and (z c , β) = (0.1, 0), tabulated on a linear scale in ρ. The numerical convergence of the NNLO calculation is again found to be very good.
Examining the K-factors for the narrow jet mass, shown on the left panel of Figure 3 , alongside those for soft-drop thrust and hemisphere jet mass, a new feature emerges. Although stronger grooming does improve the perturbative convergence from NLO to NNLO (i.e., the ratio K NNLO /K NLO is closer to unity), but the NLO K-factor is actually seen to increase with increasing z c and decreasing β (i.e., more grooming). This is readily understood from the definition of ρ. Since a leading-order computation involves only three massless partons in the final state, in order to obtain a narrow jet mass that is non-zero at LO requires not only that the three partons be clustered into two jets, but also that the clustering passes the soft-drop condition. Otherwise, all soft-dropped jets are massless. Starting from NLO, the extra real radiation allows for configurations where three or more partons cluster to form a single jet. Such a jet can remain massive even after the soft drop. Hence one expects that the LO contribution is reduced more by stronger grooming than higher-order corrections, leading to an increased NLO K-factor at larger z c and smaller β.
We conclude that although in general grooming leads to better converging perturbative predictions, the sizes of the radiative corrections depend on the observable, being smaller for the more inclusive ones. In particular, for the narrow jet mass the NLO K-factor is rather large and positive (the K-factors are even larger for smaller jet radii), indicating that the NNLO computation represents the first reliable prediction for this quantity.
Finally, we offer a brief comment regarding all-order resummation for the observables considered here. Clearly, for small enough values of the event shapes the resummation of logarithmic contributions is mandatory. However, for soft-drop thrust and hemisphere jet mass specifically, the higher-order corrections remain moderate down to τ SD 10 −3 and ρ 10 −3 if z c = 0.1 and β = 0. This suggests that the fixed-order NNLO predictions may potentially be reliable in the region with the bulk of the data (e.g., τ SD 10 −2 ). Hence, it might be possible that resummation only becomes essential for such a small range of the shape variable, that over this range the contribution to the cross section becomes more or less negligible. As the hadronization corrections are also small for z c = 0.1 and β = 0 (under 10% for τ SD 10 −2 [20] ), the increased perturbative stability makes the soft-drop thrust and hemisphere jet mass with such grooming parameters promising event shapes for a precise determination of α S , perhaps even without resummation of large logarithms.
In this letter we presented predictions for soft-drop groomed event shapes of hadronic final states in electron-positron annihilation at NNLO accuracy in perturbation theory. Our predictions for the perturbative coefficients show very good numerical stability over the complete ranges of the observables considered. We have also studied the impact of grooming on the convergence of the perturbative expansions and presented NLO and NNLO K-factors for several values of the grooming parameters. We observed that in general, grooming improves the perturbative convergence of the predictions. This is more pronounced for the more inclusive quantities of soft-drop thrust and hemisphere jet mass, and less so for the narrow jet mass. The increased perturbative stability, along with reduced hadronization corrections makes the soft-drop thrust and hemisphere jet mass appealing candidates for a precise determination of the strong coupling at lepton colliders. Table 1 : Perturbative coefficients for the soft-drop thrust τ SD with (z c , β) = (0.1, 0) at µ = Q. C τ SD is presented only up to the kinematical limit of B τ SD . 
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